We study the viability of different robust optimization approaches to multiperiod portfolio selection. Robust optimization models treat future asset returns as uncertain coefficients in an optimization problem, and map the level of risk aversion of the investor to the level of tolerance of the total error in asset return forecasts. We suggest robust optimization formulations of the multiperiod portfolio optimization problem that are linear and computationally efficient. The linearity of the optimization problems is an advantage when complex additional requirements need to be imposed on the portfolio structure, e.g., limitations on positions in certain assets or tax constraints. We compare the performance of our robust formulations to the performance of the traditional single period mean-variance formulation frequently employed in the financial industry. ᭧
Literature overview and positioning
The first systematic approach to the problem of asset allocation under uncertainty is attributed to Markowitz [1] . Markowitz's seminal paper addressed the important issue of tradeoff between risk and return. It looked at portfolio selection as an optimization problem in which an asset mix is chosen so that the portfolio variance is minimal for any given level of expected return, and simultaneously, the expected return is maximal for any given level of portfolio variance. The mean-variance formulation can be written as follows:
where x ∈ R n is the vector of asset weights,ř ∈ R n and ∈ R n×n are the vector of expected values and the covariances matrix of the asset returns, respectively, e is a vector of ones, and is a penalty parameter associated with the investor's risk preferences.
A fundamental problem with the original Markowitz analysis and the generalized mean-risk models that have sprung from the mean-variance approach is their single period nature. Inappropriate choice of the length of the time horizon can lead to suboptimal investment decisions. Markowitz [2, Chapters X-XIII] discussed long-term investment planning in the context of a utility function based on consumption, and placed the problem in the realm of dynamic programming. Analytic solutions to the continuous version of the investor's optimization problem for special types of utility functions and asset price processes have been subsequently studied [3] [4] [5] [6] . However, closed-form solutions of this kind can be derived only under strong assumptions on the investor's behavior and the structure of the asset price process, and do not generalize easily when market frictions, e.g., transaction costs, are included.
Recent advances in computer technology have reduced the significance of the ability to solve the multiperiod portfolio problem in closed form, and have made discrete time portfolio optimization models more tractable. Techniques from approximate dynamic programming have been successfully employed for efficient optimal policy computations: for example, Chryssikou [7] uses approximate dynamic programming algorithms to provide a near-optimal dynamic trading strategy for special types of utility functions when a closed form solution to the discrete-time multiperiod problem with quadratic transaction costs is not attainable. A significant amount of research has been carried out also in the field of stochastic programming applications to portfolio optimization [8] [9] [10] [11] . The main idea of the stochastic programming approach is to represent future realizations of returns by a scenario tree, and find portfolio weights at each point in time that maximize the expected value of the returns over the whole time horizon minus some measure of risk. Although this analysis is very flexible from a modeling standpoint, its computational complexity increases exponentially with the number of time periods.
The robust optimization approach to portfolio management
Robust optimization has emerged as a leading methodology for addressing uncertainty in optimization problems. Suppose we are given a linear optimization problem max{c x |Ãx b, x ∈ P x },
where x ∈ R n×1 is a vector of variables,Ã ∈ R m×n is a matrix of uncertain coefficients, and c ∈ R n×1 is a vector of objective function coefficients, and P x is a given set representing the constraints involving only certain coefficients. The robust counterpart of (2) is max{c x |Ãx b, x ∈ P x , ∀Ã ∈ U}.
For arbitrary uncertainty sets U this problem is a semi-infinite optimization problem. However, for certain types of uncertainty sets (in particular, ellipsoids), the problem can be formulated as an explicit convex program with certain coefficients [12, 13] . Its optimal solution x is robust, i.e., it satisfies the constraints of the problem for anyÃ ∈ U, and in particular, it satisfies the constraints for the worst-case value ofÃ in U.
Ben-Tal et al. [14] were the first to suggest using robust optimization to deal with the curse of dimensionality in multiperiod portfolio optimization problems. Their problem formulation can be viewed as an extension of the Certainty Equivalent Controller (CEC) procedure from dynamic programming [15] . The CEC represents a deterministic approach to uncertainty-at each stage, it applies the policy that is optimal when all uncertain quantities are fixed at their expected values. An important disadvantage of the CEC approach is that risk is not factored in. Ben-Tal et al. [14] incorporate risk by allowing future asset returns to vary in ellipsoidal sets whose size is determined by the user and depends on his aversion to uncertainty. The robust counterpart of the multiperiod portfolio optimization problem can then be formulated as a second order cone problem (SOCP). Although this method appears simplified, there are several reasons it may be of practical interest. First, it has been shown that in the single period case, restricting the uncertain returns to vary jointly in ellipsoidal sets determined by the inverse of the returns' covariance matrix results in a robust counterpart of the single period portfolio optimization problem that is reminiscent of the Markowitz original mean-risk framework: the robust counterpart maximizes the expected return of the portfolio minus a penalty coefficient times the standard deviation of the portfolio [16] . A generalization of this result to the multiperiod portfolio optimization case appears to be a natural extension. Second, the computational results in [14] indicate that Ben-Tal et al.'s robust optimization formulation for ellipsoidal uncertainty sets outperforms stochastic programming algorithms both in terms of efficiency and in terms of optimal strategy selection.
Structure and contributions of this paper
Ben-Tal et al.'s [14] idea of using robust optimization to formulate the multiperiod portfolio optimization problem shows excellent promise as a computationally efficient alternative to existing methods for multiperiod portfolio management. However, some issues merit further research. First, Ben-Tal et al.'s [14] formulation is convex, and thus, computationally tractable. However, it is nonlinear. A linear formulation may be preferable when, in order to incorporate complex tax constraints and portfolio structure requirements, one may need to resort to integer programming (see, for example, Bertsimas et al. [17] ). In such cases, there is an advantage to starting with a linear framework, as nonlinear mixed integer programming software is not as well developed as linear mixed integer programming software. Robust mixed integer programming models are studied in Bertsimas and Sim [18] . Second, it is interesting to test not only whether the multiperiod robust optimization approach outperforms multiperiod stochastic programming algorithms, but also whether it is better than existing single period portfolio optimization alternatives that are used in practice.
In this paper, we build on Ben-Tal et al.'s [14] approach; however, we work with polyhedral (as opposed to ellipsoidal) uncertainty sets for future returns based on Bertsimas et al. [19] . Bertsimas et al. [19] study the robust counterparts of linear optimization problems when the total distance (according to a pre-specified norm) between the realized uncertain coefficients and their nominal values is restricted to be less than a "robustness budget" . They define a norm called the D-norm that includes the polyhedral norms L 1 and the L ∞ as special cases, and demonstrate that for d = √ n, where n is the dimension of the vector of uncertain returns, the D-norm approaches the L 2 norm. Thus, the uncertainty sets defined for d = √ n approximate ellipsoids. We propose new robust formulations for the multiperiod portfolio optimization problem, and study the computational performance of the proposed models in numerous simulations, benchmarking it against the performance of a classical method of portfolio allocation used extensively in industry: single period mean-variance optimization.
The structure of this paper is as follows: Section 2 defines the problem of multiperiod portfolio management with transaction costs. Section 3 presents different robust formulations for the multiperiod portfolio optimization problem. Section 4 contains computational results on the performance of two of the suggested multiperiod robust portfolio optimization methods relative to single period optimization techniques. Section 5 concludes with a summary of findings.
Notation
The following notation will be used in this paper:
• Boldface denotes vectors and matrices. Upper case letters (e.g., A) are used for matrices, and lower case letters (e.g., a) are used for vectors. a i stands for the ith row of a matrix A; • Tilde (e.g.,ã) denotes uncertain coefficients;
• Check (e.g.,ǎ) denotes the expected value of a; • Overline and underline (e.g., a and a) denote upper and lower bound on a, respectively; • |||x||| d denotes the D-norm of a vector x ∈ R n , as introduced in Bertsimas et al. [19] , and equals
The multiperiod portfolio optimization problem
The multiperiod portfolio management problem with linear transaction costs can be formulated as follows: there are M risky assets, one riskless asset (asset 0), and N trading periods, t = 0, . . . , N − 1. At time period N, an investor collects his final wealth W N . His goal is to manage the portfolio of assets in a manner that maximizes his expected utility of final wealth U (W N 
If the investor could foresee the realizations of the uncertain returnsr m t , t = 0, . . . , N − 1, m = 1, . . . , M, his optimal strategy would be given by the optimal solution to the following optimization problem:
Here we have imposed nonnegativity constraints on the investor's holdings at each time period, which is equivalent to not allowing for borrowing or short sales. In reality, of course, future returns are not known at time 0. In practice, the investor has to treat the portfolio optimization problem as a rolling horizon problem, i.e., he has to act upon information available at time t, and rebalance his portfolio at time t + 1 after obtaining additional information over time period (t, t + 1]. We will adopt the rolling horizon philosophy in the application of robust formulations for multiperiod portfolio optimization. We will assume that at each time period, the investor takes only the first step of the optimal allocation strategy computed with information up to that time period, i.e., that he solves consecutive multiperiod portfolio optimization problems with decreasing time horizons.
In the classical literature on portfolio optimization, the utility function U(W N ) is assumed to be concave to reflect aversion to risk. We consider a linear objective instead:
However, we require that the investment policy that is a solution to Problem (P r ) remain feasible for any realization of the asset returns within uncertainty sets defined by the restriction that the D-norm distance between the uncertain returns and their nominal values be smaller than a "robustness budget" . This requirement imposes an implicit risk measure in the portfolio selection process. It can be roughly interpreted as requesting insurance that the portfolio return be optimal when the total of our future estimates of the expected returns is off by up to .
Robust formulations
The simplest multiperiod portfolio optimization approach, the CEC, solves (P r ) by settingr m t to their expected valuesř m t . We call such policies nominal, and study them in more detail in the computational experiments in Section 4. By contrast, the robust optimization approach treats returns as uncertain coefficients, and assumes that they vary in a pre-specified uncertainty set. It then finds a portfolio allocation strategy that remains feasible for the worst-case realizations of the uncertain returns within that uncertainty set.
Problem (P r ) contains N · M constraints with uncertain coefficients. Every constraint that contains uncertain coefficients adds to the dimension of the resulting robust counterpart, so we would like eliminate as many of these constraints as possible. A change in variables similar to that in Ben-Tal et al. [14] allows for reducing the number of constraints with uncertain coefficients to N. The trick is to work with cumulative returnsR m t , m = 1, . . . , M, defined as
We then define and re-write problem (P r ) as
Note that now only the cash account update constraints contain uncertain coefficients. We replace the equalities in these constraints by inequalities to obtain
In the case of certain data, (P R ) and (P R * ) are equivalent in the sense that their optimal solutions are the same. In the case of uncertain data, we need to work with (P R * ) instead of (P R ), because the robust counterparts of problems with equality constraints are usually infeasible.
The simplest model of polyhedral uncertainty assumes that future cumulative returns vary in intervals [R m t , R m t ] that include their expected valuesŘ m t . The length of these intervals can be determined, for example, as a percentage of their standard deviations. The solution produced with this assumption can be viewed as a worst-case nominal policy in the sense that the program will protect against uncertainty by setting all returns to their lowest possible values-the end points of the intervals. However, this approach may be overly conservative. In practice, there is usually some kind of a correlation structure among future returns, and it rarely happens that all uncertain returns take their worst-case values simultaneously. It may therefore be desirable to incorporate information about the variability and the correlations of asset returns when such information is available. Furthermore, frequently more is known about the behavior of single period returns than about returns far in the future, so, for example, one can assume that the covariance matrix of the first time period returns 1 is known. It may be reasonable also to assume that a deviation ofR m t−1 from its nominal value could lead to an even greater deviation ofR m t from its nominal value. The resulting uncertainty set is If data on the covariance matrices of future cumulative returns are available, then we can impose restrictions on the movement of returns across assets
where t are constants specified by the user in advance. Low values for t can be interpreted as a low aversion to risk. When t = 0, the investor decides based solely on expected values, and his strategy is equivalent to the nominal strategy produced by the CEC. The norm in the formulation of P R 2 can be any norm. If we use the L 2 norm, we obtain Ben-Tal et al.'s [14] formulation. Note that this model does not incorporate dependencies in asset return dynamics over time explicitly; they are only present implicitly in the structure of the correlation matrices.
The robust counterparts of (P R * ) with uncertainty sets P R 1 or P R 2 , respectively, when the norm in the uncertainty sets is the D-norm, can be found using results from Bertsimas et al. [19] : The robust counterpart for the optimization problem with uncertainty set P R 1 has 2MN 2 + MN − 2M + N variables and 3MN 2 + 8MN − 3M + N + 2 constraints (some further reductions in the number of constraints and variables are possible, but the order of magnitude remains the same). For a portfolio of 500 stocks optimized over six time periods (e.g., rebalanced monthly for half a year), the optimization problem in its current form has 38,006 variables and 76,508 constraints, which can be easily handled by state-of-the-art linear solvers. The robust counterpart for the optimization problem with uncertainty set P R 2 does significantly better: it has 5MN − 2M + N variables and 8MN − 2M + 2N + 1 constraints. For a portfolio of 500 stocks optimized over 6 time periods, one has to solve a linear optimization problem with 14,006 variables and 23,016 constraints.
We study the computational performance of these robust formulations in the following section.
Computational results
We conduct a series of experiments simulating different dynamics and distributions for the asset returns over several time periods, and compare the performance of portfolio strategies resulting from the following approaches:
• Single period mean-variance (henceforth abbreviated SPMV); The SPMV is the standard single period portfolio optimization approach; the optimal allocations are found by solving (1) with the additional constraint that all asset weights should be greater than or equal to zero. MPR1 and MPR2 were described in Section 3. MPR1 and MPR2 result in the same optimization problem formulation if there is only one time period; SPR is the latter single period formulation. SPR solves only for the optimal single period policy with ||| −1/2 1 (R 1 −Ř 1 )||| d as the uncertainty set for returns one period ahead. MPN finds the optimal policy by solving problem P R * with all uncertain returns fixed at their expected values. Our experiments are designed with the following questions in mind:
1. How do the different portfolio optimization approaches perform when single period returns are drawn from the same distribution at each time period, and when there is no noise, i.e., the simulated distributions have the same parameters as the ones used as input to the corresponding optimization problems? 2. How do the approaches perform when returns are drawn from distributions with different expected returns at every time period? Does the ability to "see ahead" help the multiperiod approaches perform better? 3. How do the approaches perform when nature does not behave the way we expect probabilistically, e.g., when returns are drawn from different distributions than the ones specified at the beginning, or when the parameters of the distributions are perturbed?
We look at both symmetric and asymmetric distributions for returns.
Symmetric (normal) single period returns
In the first set of experiments, we simulate single period returns from a multivariate normal distribution, and we test the MPR1, SPMV, SPR, and MPN approaches on a portfolio that consists of three stocks and a riskless asset. We do not test the MPR2 approach in these experiments, because there is no closed-form expression for the covariance matrices of cumulative returns we need to formulate the robust counterpart of the optimization problem. However, we test MPR2 in the following section.
We assume that transaction costs are 1% of the amount traded. There are five trading periods: 0-4. The investor collects his wealth at time 5. Although the dimension of the problem is small, the example illustrates the qualitative properties of the three optimization methods.
We conduct four experiments. In Experiments 1 and 2, the upper and lower bounds m t and m t in P R 2 are both set equal to the expected value of the corresponding single period stock return at the corresponding time period. In Experiment 1, the returns are simulated from the same multivariate normal distribution at every time period. For identically distributed multivariate normal single period returns, single period mean-variance optimization results in theoretically optimal policies in the sense that, in the absence of transaction costs and other market frictions, they should be preferred by any risk-averse investor and should result in the best risk-return profile over multiple as well as a single investment period [20] . In Experiments 2-4, single period returns are simulated from multivariate normal distributions with different expected values at each time period (the expected values of the single period stock returns over each trading period are listed in Table 1 ). Therefore, single period mean-variance optimization is no longer theoretically optimal. In Experiment 2, the upper and lower bounds in the MPR1 formulation are equal, and are set to the expected values of the single period returns. Experiment 3 is the same as Experiment 2, but the upper and lower bounds in the MPR1 formulation are set to expected values ±50% of the standard deviation of the corresponding stock. The setup for Experiment 4 is the same as for Experiment 3. However, while the four portfolio optimization methods are run with the data on expected returns in Table 1 The single period riskless return is 0.025. The value for the robustness parameter in the formulation of the SPR and MPR1 approaches is set to 0.3. The value for the mean-variance optimization parameter is set to 0.531. This results in the same expected return and approximately the same variance for the optimal portfolios resulting from mean-variance optimization and single period robust D-norm optimization.
In each experiment, we do the following:
1. We simulate 1000 paths of the cumulative returns of each stock over five periods. For each path: (a) We assume that at time 0, we hold 1 unit in the riskless asset, and 0 units in the three risky assets. We compute the optimal strategy for each of the four methods: the SPMV, the SPR, the MPR1, and the MPN. (b) We take one step forward using these optimal strategies, and update our holdings according to the realized single period return over that time period. (c) Given the new holdings and the data on single period expected returns for the remaining periods, we re-compute the optimal strategies for the next time period. (d) We proceed in the same way until the last trading period, time 4. We store the realized final holdings obtained with each method. 2. We compute the descriptive statistics for the annualized returns from the 1000 scenarios for each of the four methods.
Results. The performance of the optimal strategies of the four methods is shown in Table 2 . We note that the results are presented in terms of annualized returns rather than cumulative returns. The notation used is as follows: (a) Mean: average portfolio return resulting from each method over 1000 simulated stock return paths; (b) StdDev: standard deviation of portfolio return over the 1000 paths; (c) Min (Max): minimum (maximum) realized portfolio return over the 1000 paths; (d) Ratio: ratio of realized portfolio mean to realized portfolio standard deviation; (e) Prob: empirical probability of loss, i.e., the probability that the annualized realized return is less than 0. It can be observed from the computational results in Table 2 that the MPR1 approach achieves better average return, probability of loss, and mean-to-standard deviation ratio than the other methods. Its dominance in the mean-to-standard deviation ratio is particularly important, because it shows that the risk of the portfolio is decreased at no cost to the expected portfolio return. Standard deviation is appropriate as a measure of risk in these experiments, because the return distributions are symmetric (normal).
The MPR1 approach also has better worst-case scenario performance than the other approaches. It is interesting to note the difference between MPR1's worst-case performance in Experiments 2 and 3. In Experiment 3, where the upper and lower bounds on future stock returns are set to be 50% of the corresponding returns' standard deviations away from the returns' expected values (as opposed to expected values, as in Experiment 2), the MPR1 approach becomes more conservative, and its worst-case scenario performance improves. Its mean-to-standard deviation ratio improves as well. The conservativeness of the MPR1 approach can therefore be controlled by the width of the bounds on future returns. This observation is confirmed also by the experiments with asymmetric distributions in the next section.
The value selected for the D-norm in the MPR1 formulation makes a difference. Table 3 shows simulation results for Experiment 2 when the D-norm is set to 1 or to the number of stocks in the portfolio, 3. It appears that larger values for the D-norm improve the mean-to-standard deviation ratio; however, the worst-case performance suffers slightly. Selecting d = √ number of stocks, the polyhedral norm that is closest to the ellipsoidal norm, seems to provide a good balance.
Asymmetric (lognormal) single period returns
The next series of experiments study the performance of the robust approaches when returns follow skewed distributions. We consider a portfolio of 25 stocks over five time periods, and use the simulation setup of Ben-Tal et al. [14] : the stochastic model of the data is a simple factor model where { 0 , 1 , . . . , N−1 } are independent K-dimensional Gaussian random vectors with zero mean and unit covariance matrix; e ∈ R K =(1, . . . , 1) ; m ∈ R K + are fixed vectors; and , > 0 are fixed reals. Single period returns are therefore lognormal. The assumptions allow for computing the expected values and the covariances of the cumulative returns at time t in closed form. All simulation parameters are selected as in Ben-Tal et al. [14] .
We conduct the following experiments: Experiment 1. The single period returns for each asset are assumed to be independent and identically distributed across time periods. We expect that in this case single period portfolio optimization should do about the same as multiperiod models, because having the ability to "see" far in the future has no benefit. However, it is possible that the presence of transaction costs will affect the anticipated outcome. For every time period a vector of factor realizations t is drawn from a multivariate normal distribution with mean 0 and unit covariance matrix, and the realized returns are computed using (5) . The upper and lower bounds in MPR1 are set to the expected values of the corresponding single period returns. Experiment 2 is the same as Experiment 1, but the simulated returns are perturbed: after a realization of the vector t is obtained and the returns are computed using (5), 10% of the value of each realized return is subtracted. The simulated values are therefore lower on average than the optimization problems "expect."
Experiment 3 is the same as Experiment 2, but the upper and lower bounds for each asset in the MPR1 formulation are set to be 50% of the standard deviation of the corresponding asset.
In Experiment 4, the single period expected returns for the first time period are the same as the expected returns in Experiments 1-3, but the expected single period returns in later time periods are different. The MPR1 and the MPR2 "know" the expected returns more than one time period ahead. The upper and lower bounds for each asset in the MPR1 formulation are set to the expected values of the single period returns.
Experiment 5 is the same as Experiment 4; however, 10% of the realized returns is subtracted in all simulations. The expected values for returns used as inputs in all optimization models, as well as the covariance matrices used in the formulation of MPR2, are therefore not correct, so the models are misspecified. The upper and lower bounds for each asset return in the MPR1 formulation are set to 50% of the standard deviation of the single period returns. The results of Experiment 5 are particularly important, because the setting of the experiment is the most realistic one.
Experiment 6 is the same as Experiment 1, but single period returns are drawn from a multivariate normal distribution (instead of a lognormal distribution) with the same expected value and single period covariance matrix as the single period lognormal distribution for returns.
The experiments are run for values of the d-norm equal to √ number of stocks and d = number of stocks, and the values of and change correspondingly. There are five time periods and 1000 simulations per experiment, as in the previous section. We start with 1 dollar in the riskless asset, and 0 dollars in the risky assets. Standard deviations and means are not as informative as they were in the previous section, because the distributions in the simulations are skewed. We still provide the values for mean, standard deviation, and their ratio, but we also provide information about the 5th percentile, the 50th percentile (the median), and the 95th percentile of the final distribution of portfolio returns. The results are presented in Tables 4 and 5. Table 6 contains pairwise comparisons of the realized returns with each of the five approaches for d = √ number of stocks and d = number of stocks. Results. The computational results for Experiment 1 for both values of the D-norm show that when returns are identically distributed in all time periods, the ability of multiperiod models to take into consideration information about events further in the future is not too valuable when it comes to mean-to-standard deviation ratio. However, MPR1's and MPR2's realized average returns are higher than the realized average returns of the single period models, their worst-case scenarios are better, and so are their best case scenarios, probability of loss, and 50th percentiles. MPR1 and MPR2 also dominate in the comparisons on a scenario-by-scenario basis ( Table 6 ).
The dominance of the multiperiod approaches becomes stronger when single period returns have different expected values in the different trading periods, as illustrated by the results from Experiment 4. The robust multiperiod approaches also perform better than the single period approaches in terms of realized average return and mean-to-standard deviation ratio, worst-case and median performance, and probability of loss when parameters in the models are misspecified (Experiments 2, 3, and 5).
When returns are simulated from a normal (instead of lognormal) distribution and are identically distributed in all time periods (Experiment 6), the SMPV approach has a very good worst-case performance and mean-to-standard deviation ratio relative to the other approaches (the ratio is relevant in Experiment 6, because symmetric distributions are involved). This is to be expected. We note, however, that the MPR2 approach does very well too, despite the fact that the values for the covariances in the MPR2 formulation are no longer correct. While MPR1 and MPR2 both have excellent performance in all experiments, it is worth noting that MPR2 tends to do better than MPR1 in terms of realized average return, worst-case return, and probability of loss when returns are identically distributed in all time periods (as is the case in Experiments 1-3, and 6). MPR1, on the other hand, performs extremely well when returns are not identically distributed, or when parameters in the model are misspecified, as is the case in Experiments 4 and 5. Moreover, it appears that its worst-case performance can be improved by widening the bounds on returns in the formulation. This can be seen by comparing MPR1's worst-case performance in Experiments 2 and 3.
Experiments 1-6 were run for markets with different risk indices. We used a measure of "riskiness" suggested by BenTal et al. [14] : the maximum probability of loss over all asset returns in the first time period, max m=1,...,M Pr(r m 0 < 0). When this probability is higher, the market it more risky (the risk index for the data set used for the results in Tables 4-6 is 0.3704). We omit the results for the sake of brevity. The riskiness of the market, or the choice of norm (d = √ number of stocks or d = number of stocks) do not change our overall conclusions.
Concluding remarks
We suggested different robust formulations of the multiperiod portfolio management problem with transaction costs, and showed, via simulations, that robust polyhedral optimization in particular can enhance the performance of single Table 6 Pairwise comparisons of the performance of the SPMV, the SPR, the MPR1, the MPR2, and the MPN approaches in Experiments 1-6 for different values of the D-norm. The market risk index equals 0.3704. The value in each cell indicates the percentage of times the "row" policy resulted in better final portfolio return than the "column" policy period and deterministic multiperiod portfolio optimization methods. Robust polyhedral optimization models avoid the curse of dimensionality and can be solved with commercially available linear programming software, yet they allow for flexible formulations in which the anticipation of future expected returns, as well as a tolerance level for the error in our forecasts, can be explicitly modeled. We focused our attention on two multiperiod formulations in particular: the MPR2 approach, which is similar to the approach suggested by Ben-Tal et al. [14] , and the MPR1 approach. The MPR2 approach requires solving optimization problems of smaller dimension than the MPR1 approach, and tends to outperform the single period mean-variance approach and sometimes the MPR1 approach when the parameters in the simulation model are correctly specified. This is because the MPR2 formulation incorporates more information about variability and direction of movement of future asset returns than the single period mean-variance or the MPR1 approach. When such information is available, and is believed to be reasonably accurate, MPR2 may be preferable to use. However, the MPR1 approach appears to be the most robust with respect to misspecifications in the parameters of the model, and clearly dominates the other approaches in situations that are most similar to real life. Moreover, its worst-case behavior can be controlled by varying the width of the bounds on the predictions for future portfolio returns.
In conclusion, robust multiperiod portfolio approaches show excellent potential as alternatives to classical single period portfolio optimization models, independently of the shape (symmetric or skewed) of asset return distributions.
